
 

Reviewofcellcomplexes

Construction
1 Start with a discrete set Xo

whose points are o celf

2 Inductively build X from
X by attaching

n cells er

via maps ya sn l X

As a quotient space

X X Nada area x

H Xe ODI

3 If the process stops
at

a finite stage
then X X for

n LD



Otherwise it can continue

indefinitely setting X DX

A space X
constructed in this

manner is called a cellcomplex
or cwcomplet

Example
a A t dimensional cell complex

is called a graft
Cop

b s o cell u n cell where

the n cell is attached by a

constant map Sn
t e



c IRP Sher x

D en x for xe2D
Sh 1

Since S Yoon e RP we

have Ap Rp tu en

with the quotient projection

Sn
t Rpn

l

PO YAP

A subcomplet
is a closed

Subspace A ex that is a union

of cells of X

Eggnteis a sub complex of

sht by regarding



S as the equator of sht

and then attaching
2 ntl

cells via the identity map

OD s s

SE.us

Homology
Why do we need homology

a Ti x Homotopy
classes

of maps s X can

i.e homotopy
classes of loops

based at a point
can only be used to study



objects of dimension up
to 2

For example it cannot be used

to distinguish
between S for

n 72

b The higher
dimensional analogue

Tn x homotopy
classes of maps

S x is incredibly
hard to

compute
in general

It is known that Ti sn o

for ish and Z for i n

C The homology groups
Hi x

are easier to compute
and

depend only
on the Gtd skeleton

Also



Hits
Tics for ien

O for i n

Simplify
Def An nsimplex

is the

smallest convex set in RM

containing
ntl points ro vn

that do not lie in a hyperplan

of dimension n

Equivalently
Vi no

un Vo

are linearly
independent



The points vi are the kin of

the simplex and the simplex
will be denoted by fro sun

Examples
a 0 simplex

at

b 1 simplex tou

c 2 simplex no v2

Tetrahedron

d A standard n simplex
in

Rm will be denoted by

A to tn ER Iti l and

ti o Hi



Remarks For the purposes
of

homology it is essential that

there is an ordering
of the

vertices

b This in turn induces
an

orientation on the edges

C There is an induced
canonical

homeomorphism from the standard

simple on onto any
other

n simplex
Evo sun preserving

order of vertices namely

to tn Etivi
The ti are called the barycentric

coordinates of the point
Etive

in Evo un



Defy A face of a simplex
is the sub simplex

with vertices

any
nonempty

subset of the

Vi's

Remark Vertices of a face will

always
be ordered according

to

the order of the larger simplex

Def A A complex
is the

quotient space
of a collection

of disjoint simplices
12 of

various dimensions
obtained

by identifying
certain of their

faces via canonical linear
homeo



that preserve
the ordering of

vertices

Remand The data determining

a A complex
is purely

combinatorial i e building

something from
a kit of precut

parts
that come together following

instructions

Example
a T Torus

HII



b Rp
b

É

C Klein bottle

aÉ f

IffIIi s



Tfthe orientation of the

various edges
in the boundary

of each n simplex
is related

to the Evo sun no 2 simplex

has its edges
oriented cyclically

b Since identification preserves

orientation no two points
in

the interior are identified

Def We define In x be

the free abelian group
with

basis the open
n simplices

eh of X



In other words

An x II z where

kn number of n simplices
in

X

Remarks Note that the elements

of Dn x are finite formal

sums Inaek called n cha ins

Def We define boundary
On o of an n simplex
5 Vo sun

to be

On o
5 oleo it in



where over Vi indicates the

deletion of the vertex vi

Example
a 1simplex Art
Q Cro Vi Vi Vo

b 2simplex Iftar

22 Vo vi V2 vi Va Vo V2

Vo Vi

V3
e 3

sim.IE 7v

23 Vo vi V2 V3

vi v2 V3 Vo V2 V3

Vo Vi Vz Vo Vi V3



Def The notion of boundary
of an n simplex generalizes

homomorphismto a boundary
In An x 7 An i x on

n chains defined
as follows

Given a Inara e And where

02 v5 und we have

On o Ina Eje's's
v5 v9 v

Remark Note that 2n is

indeed a homomorphism

check

Lemmy The composition
In x An x An.z x

is zero



Proof It suffices to show for the

n simplices For an n simplex Evo
vn

2n o 241
0 Evo evi Vn

Then

On fan r

Ffl
i ol fro if fi in

Foti c
I go vi gs in

BE
O

Remand An immediate consequence

of the lemma is

Im on Ker on i



Thus we have a sequence

Cnt x s Cn x Cn i x 2

C x Co x 70

of abelian groups
with

Dont i o Hn

Such a sequence
is called

a chaincom plex

Define We define
the

nthsimpliciathomo ygrop

HE x of X by

Hn x
Ker on

Im anti

where Cn x Dn x Hn



The elements of Ker on are

called cycles
and the elements

of Im ants are called

boundaries Then elements

of An x are called homology

classes

Examples
a X s

e

Do S D S Z

o É o

Ix Cix
2 e v v o 21 0

20 0



H x

111 3 35 2

H x KILI EE Z

Do X Lv ZIII
mitts

D2 x LU L E ZO Z

Chain complex

Luis 2 ai
be Lips

I O 7202 720202
Do 0

21 a 3 b 2 c 0 72 1 0

22 U at b c 22 L bra C



Ho X KEEF 33 2

Hi x

KELI

q
I 2

2

HE x

KEYS
Ker 22 put 4 1 22 put9L

o

put q L ptg
at b c o

put gl p q

LU L



I 4 3 2

C X RP

Do X v w 22

Di x Lab 23
at

X Lu 7 22 Fw

o
52 5 5 3

Do 0

2 a D b w V D c 0

22 0 Ctb a 22 V Cta b

HEH IIF Lif Y
Z

H x I



Ker 2 patybtre 2 patabtre o

patqbtre ptg w v o

patqbi.ve p q3

Spa pbtrc
La b c

22
Im 22 Let b a Ct a b

Let a b 2C

I 2 22
22

HE x KEES



Now Oz u Ctb a

22 L Cta b

Dais injective Kera o

11 5 35 22

d Sh z copies of
D U L

glued along
the boundary by

the

identity

H SY ELIEL
IIE



Do S2 Lv w x 23

1 S2 La b c 23

D2 S2 Lu L 22

0 22 723323 9 o

20 0

21 a W V 2 b x w J C x V

22 U 22 L at b c

23 0

HE s 153 I 1x o

33 303

H s
KEY IEEE

0

2 is injective



H E s 1 53 73 2

Ke r f z p u
t g L 2 a p

U q L
o

pU q L R q
a b c o

pu q
Lt p g

L U L I Z



 

is

a continuous map r D X

We define
Cn x to be the free

abelian gropgenerated by
the

singular
n simplices

in X

The elements of Cn x are

called singularn
chains which

are finite formal
sums Eniri

for nie
Z and E A X

We define the boundary map

On n x Cn ie by

an r EG
o Evo Fi vn



Here r ro vi vn is regarded
as a

map I l X i.e

a singular Cn D simplex

Lemma 22 0 i e 2nd nt 0

Deff We define
the singular

homology group by
An x Ker on Im anti

Remark a Its evident from the

definition
that homeomorphic

spaces have
isomorphic singular

homology groups



b Hn x can also be

viewed as a special case of

An x in the following
manner

het six be the A complex

with one n simplex
Ano for

each singular simple
r A X

with D's attached to the

Ch D simplices
of S x via

the restrictions of o to 21

Then HE SG Hn X

C The elements of Hi x

are represented by
collections

of oriented loops into x



Prof Corresponding to

the decomposition of a

space X
into its path components

Xa F an isomorphism

Hn x Hn Xa

Proof A singular simplex

has a path
connected image

so Cn x
Cn Xa

Moreover On preserves
this decomposition



Prof If X nonempty
and path connected

then

Ho x Z Hence for a

any space
X Holx is

a direct sum of Z's

one for each path component

of X

Proof Since 20 0

we have Ho x Co x Imd

Define E Co x Z

by E Emir Ini
i

i



Note that E is ahom

which is surjective
if

X O

Claim Ker e Imd

For a singular 1 simplex

r D x we
have

E 21 o ECO v
o ro

I 1 0

Im 2 c Ker e

Now consider F Init
E Ker E



Then Eco In i 0

Note that ri's are

essentially

points of X

Fix a basepoint
no EX

and a path Ci I X

from
Ko to T Vo

Then viewing
ti as a

map
vo.vn x i e a singular

1 simplex
we have

Dci Ti To

Hence 2Eniti Eniri Eniro
i i

Eniri



EE nisi e Ime

Thus we have Kerce cIm 2

BE

Prof If X is a point
then Hn x o for n o

and Ho x Z

Proof In this case

7 singular
n simple

on

for each
n and

Glx La EZ



Moreover

On a É ti on

if n is odd

Tn 1 if n is even

Thus we have the chain

complex

Z 72525270

from which our assertion

follows BE



Def Consider the augmented
chain complex of a space

X 0

Calx Cia Co x 325

The homology
associated with

this complex are called reduced

homology groups
Incx

hemmy For a space
X 0

we have

a Ho x IIA Z

b Hn x HT x for n 1

Proof i Since Eos o we have

Im ODC here So E induces

a map Ho x Z Note

that Kerce Kerley of
ok



Ho x x Z and the

assertion in i follows
Ii This is apparent by

definition

Nole One can view the extra

Z in the augmented
chain complex

as generated by
the empty

simplex
0 Then E becomes

the usual boundary map
as

Ivo
To a



HomotopyInvariace

Proposition A map f
X Y

induces a homomorphism

fx An x Hn y for all
n

Proof Consider the map

f Cn X
Cn Y defined

by riff for for each

singular
n simplex

can X

an then extended linearly
to

n chains by
f Inara Ina

a



Thus we obtain the following
diagram

Cnt x Cn x Cn lx 2

If If If
i Cnt y Cn x Cn ily

Claim Each square
in this

diagram
commutes

Proof Note that

f 02 o f Eti two vi rn

E for quo vi in

of o

which establishes our claim



Now suppose
that 22 0 i.e

L is a cycles
Then

2ft 2 f Oa O

f takes cycles
to cycles

Moreover since f 2 3 2 f p

fit takes boundaries to

boundaries

From it follows that f

induces a homomorphism

f An G Hn Y
BE



Def A f Cn x Cn Y

as in the Proposition
above

is called a chainmap

TÉTr a composition
of maps

x y 2 we have

fog f o

g

Ii For the identity map

id X X we have

id x
id Hn x

B



Defy A map f X Y is

said to be a homotopy

equivalence if there exists

a map g Y
X such

that foggy id and

of I id x

Deft Two spaces
X Y are

T I
ET

equivalence f X Y

theorem If two maps

f g
X y are homotopic

then fi g Hn x Hn ly



Corollary a For a homotopy

equivalence f
X Y

we have f Hn x Hna

is an isomorphism
b If X is contractible

ie X Ept
then

An x P for all
n

Proof of Theorem

A vital ingredient
in

the proof
is the subdivisio

Of AnxI into ti simplices



Let Anx20 von sun

and Dmx 21 Wo own

where vi and wi have

the same projection
under

Dx I Dn wa

Iis the union of

Vo U I

Vo Vi Wi w

Proof of claim Note that

the n simplex
Vo vi with own

is the graph
of the

function 4 an I



defined by Y to tn titt ttn

in barycentric
coordinates

The simplex
ro Vi Wi

wn

projects
homeomorphically

to

An under Anx I an

Since the graph
of Yi lies

below graph
of Yi 1 4 Yi 1

the simplex Evo vi wi own

bounded by
these 2 graph

is

a true Gti simplex
From the inequalities
O 4ns Un 1 I n I 4 151



we see that AnxI is the

union of the simplices
Vo Vi Wi Wn which

proves
the claim

Given a homotopy
F XXIX

from f to g
we define

the prism operators
P Cn x

Cnt Y

by
PG E 1 F Cox id fro vi wi own

where o Dn x and Foloxid

is given by
Ax IET XXI y



Then with a little bit of

effort
it can be verified

that

OP G f P2 Exercise

Now for a cycle
de Cn x

we have

g
a f a OPC

since 22 0

g
a f a is a

boundary and hence

g Ca f a in Hn Y

BE



Relativehomologygroups

Def A sequence of

homomorphisms
Antitank An m

is said to be exact if

Ker on Im anti Hn

Remand
a Note that and nti o

Im anti Ker on
is

a chain complex
b Since Kercan Im anti

the associated homology groups
are trivial



hemme
I O AFB is exact iff

Kev 2 o iff a is injective

Ii A BB o is exact iff

Imk Biff 2 is surjective

iii o A B o
is

exact iff x is an
isom

Civ O AIB c o

is exact iff a is injective

B is surjective
and herp Ima

C BIA



Def Given a space X
and

a subspace Act let

Cn x A Cn X Cn A

Since 2 Cn x Cn e x

and 2 Cn A e Cn ICA
J a

chain complex

Cnt X A Cn x A Cn i Xia

called the chaincomple of

Xrelativet or the pair
Xia

whose associated homology groups

are called relativehomologygroups
An X A



t lass eye Hn X A

is represented by a cycle a een x

such that 22 E Cn i A

Ii A class a e Hn X A

is trivial iff 2 213 6 for

Some p
e Cna x and re Cn A

Iii An X A as we will show

measures the difference
between

the groups
Hn x and Hn A

Intuitively it can be viewed

as the homology of X modulo

A



Theorem For any pair
X A

there exists a long
exact

sequence
Hn A An x Hn X A

An I A Hn i x

where it is induced by the

inclusion map
n CA

Cn x

and ja is induced by
the

quotient map j
Cne GC.ca

Proof We consider the

following
commutative diagram



O O O

Cntila
CHA 7 Cn Ta i

i
fi fi

Cnt x Cn x En i x 7

1,1 sang
t

Cnt x ARTCn Xia 7 Cn i x A

t
o

The commutativity of this

diagram
ensures

the ix and

Jx are induced
on homology

Now we define
a boundary map

5 Hn Xia Hn i A



Consider a class c e Hn XIA

Since Ce Cna Cn A and j

is surjective I a be Cn x

Such that j b C

Then On b e Cn i x
Since

joon
b On jcb on c 0

we have On b e Ker J

As Kerl Im i I aeln ICA

such that i a on b

Moreover we have

i Jn i a 2n i ica on i fan b
O

On ica o i is injective



Thus we define a map

J Hnk A Hn i A

by 5 E
a

Claim F is a well defined

homomorphism

É
ÉdÉIat

a is

uniquely
determined by

2b

since i is injective

Suppose
we had chosen a

different
b such hat j bye

Then j b j bi c



j b
b o b b e kerj Imi

b b ila b btica

Changing
b with btica

simply replaces
a to a

homologous
element at Ja

ilaton ica i a icon ila'D

2n b on i i a'D

Similarly a different choice

for c within its homology class

leaves 2b and a unchanged

check

Thus I is well defined



Finally the fact that
i j

and On are homomorphisms
would imply

that I is a

homomorphisms

Exactnessoftheles
Hula Hn x An X A

Hn i A

Eickel This follows

from the fact that joi 0

1 04 0

Im A C Ker J By definition

wehare dzoj 1 5 jo i 2 0

on cycles rep An Xia



Im 5 cker it
By definition

Thaw 2 oj
1

0 on

cycles rep Hn Xia

KerciDCImlind
het b e Ker ji Then b is

a cycle in Cna such that

i b e anti LIYA
I c's GIF

sit anti c j b

Moreover as j is surjective
I

b e Cn ti x such that j b c

Now j b anti b

j b joon ti
b

J b anti j b

j b j b o



b anti b i a for some

AE Cn A

Now on a on ica

On b anti b

In b o

On a o i is injective

Finally I Cal b anti b's

b

Kenji cIm
i

KyÉÉÉÉ

then

seen earlier 2 co
a o

a E Im 2n a Inca

for some a e Cn A



Now

On b ila On b 2n ica's

In b icon a

n b i a

D by defn
b ila is a cycle

Moreover j b ila

b j icai

j b C

I Cb ica's c

Ker J c Im Jx



Ker i cIm

An x A Is Hn ICA Hn i x

Let a e Ker it Then

i a e On Cn x

Ca 2n b for
some

been x

Then

2n j b jan
b

ica 0

j b is a cycle

Thus J j b
a is



Remark An X A measures the

difference between the groups

Hn x and Hn A

In particular
if Hn X A

for all
n then Hn A And

Defy A space X
and a closed

subspace
AcX are said to form

a good pair
XIA if A has a

Idinxthat deformation

retracts onto A

Em If x A form a

good pair
of spaces

then I

a LES



Inca In x ATCHA

In x s

where i is the inclusion and

j is induced the quotient

X YA

Remarks A cell complex
X and

a subcomplex
A CX always

form a good pair

Corollary HT Sn Z and

Hi Sn o for i n

Proof Consider the CW pair

Dn Sn D From the LES of



reduced homology groups we

have p
II D I Dsn 1 IIe s

II Dn

8

I s Ti esh i for

all i 0

If i n then

Hi S I HT S Z

Ho s

ZOE

If n i then

Hi Sn Hi Shi I o

If ne i then

Hi 5 I III n 5 I 203
BE



Corollary No retraction theorem

There exists no retraction

Dn OD

Proof Suppose I a retraction

r D 2D Then roi
idgn.is't

and so the composition

In its In D Finis

equals idynisn i idz

This is a contradiction as

In Dn D



Corollary Brouwer's Fixed
Point

Theorem Every Continuous

map f D D has a

fixed point
Proof
Suppose that f D D

has no fixed Then the

map r Dhs n YEI
defines a retraction t

Remand There exists a LES

of reduced homology analogous
to the LES of homology group

This is obtained by taking
the



SES o Cn A Cn x cnlx.AT
O

in non negative
dimensions and

the SES o 2 82 30 70

in dimension to In particular
this would imply

that An Xia

Xia for all n when Ato

Example Consider the Les of

reduced homology groups
of the

pair
X co where no ex We have

In G In G In xoxo

In doo
Since HI Coco o Hn we have

HTCX HT Xiao Hn Xoxo



Example By considering
the

LES of the pair
D 8D

we have Hild 2D Ii s

are isomorphisms for
all i 0

Consequently we have

Z if i n

Hild 2D
o otherwise

Remarat
map fix y with

f A CB i.e f x A
Y B

induces homs f C x A Cn YB

such that

a f 2 2 fit for relative chains

b For g af
via maps

of pairs

x A Y B we have

OP P2 g f



Where P Cn x A Cna Y B

is the induced prism operator

Proposition If two maps

fig X A Y B are homotopic

through maps
of pairs

x A YB

then f g
Hnk A An Y B

Proposition For
a triple X A B

of spaces
with BCA CX I a

LES

Hn A B An X B An X A

Hn KA B

associated with SE S

o CnCA B Cn X B

Cn lx A
O



Excision
Theorem Excision Given subspaces

ZCACX Such that ZC AO

then the inclusion x 2 A Z

XA induces isomorphisms

Hn x 2 A 2 Hn x A for all

n Equivalently for subspaces

A Box such that X AVB

the inclusion
BAAB

XA

induces isomorphisms

Hn B An B
An XIA for all n

Proof Exercise May
be covered

later



Proposition For good pairs
XA

the quotient map q
X A Ya Ala

induces isomorphisms

q Hn X A Hn YA AIA HIYA

for all n

Proof Let U be a nbhd off

that deformation
retracts onto X

We have the following
commutativ

diagram
An x A É Hn X V É3Hn X A

V A

51 9taxtax
Hn XIA AIA Hn MANIA E Hn I I

10 Follows from LES of the

triple Xiv A



Anti A Hn X V Any A no

Hn i VA

An VA o Hn as v def retracts

onto A

2 Follows from an analogous

argument by
considering

the

triple Ya Ya Ala
and the

fact that Ya def ret
onto Ala

3 q
Follow from Excision

Theorem

5 Since q x a
is a homes

the isomorphism follows

The assertion now follows from



the commutativity of the diagram
BE

Examples
a het Xia be a good pair
at let the cone CA of A be

defined by CA Ax I Ax 303

Then

In Xu ca I Hn Xu CA CA pEE xEA.ca

I Hn XUCA 2ps
X UCA p

Excision

An XIA
CA EP
deformation
retracts onto
A



Example We wish to find
the explicit cycles representing

An D 2D We may
view DoD

as the pair
A 21

Claim The identity in An
An

viewed as a singular
n simplex

is a cycle generating
An on OB

Prod in is clearly a cycle
as we

are considering
Hn bn 20

Our assertion
holds triviallyfor

n D

Assume the result holds for n
t

For the inductive step
let ne Dn

be the union of all but one of



the G l dimensional faces of

An Note that

i A deformation
retracts onto

a Can a na

ii The inclusion an as 29

as the face not contained
in A

induces homeomorphisms

Dn Yoon
I 22AM

Now consider the following

isomorphisms

An on 8D Hn ifs a Hn ild In
I

1 Follows from the Les of

the triple an an a and above

as Hi Dn n 0 for all i



I 2 Follows from the preceding

proposition
and cis

By our induction hypothesis

An and aan Lin D The

assertion now follows from
the

fact that 5 in I in

Regarding Sh Diu D2 and apply

ing a similar reasoning Hn Sn Lai D2

Corollary If a cw complex X

is a union of sub complexes
A and B then the inclusion

BARB G X A induces
isomorphisms

Hn B An B Hn X A

for all n

Proof It follows directly
from



the Proposition
and the fact that

Blan B E X A Bs

Corollary For a wedge
sum

Xx Xx a ET with

each pair Xuxa forming
a

good pair
the inclusions

in Xx Ye Xx
induce an

isomorphism
Eat In Xa Index

REJ

Proof Follows immeadietly by

considering
the pair Lexx

a e

in the Proposition
and the fact

that In X E Hn Xuxa as



theorem Brouwer 1910 If

nonempty open
set Ucam and

VCR are homeomorphic
then

m n

Proof For xe U we have

Hk 0,0 2 3 HKCIRM.IR 3x

by excision

E His ICR 223

LES of pair
Rm Rm 3 3

IIIa Sm
i

RMS Ism D

I
Z if K m

o otherwise



Now suppose
that f U V

is a homeomorphism Then

f induces an isomorphism

HK 0,0 x It Hia V V 2h60

for all k Hence it follows
BE

that man

Remarks Given a map f
x A YB

there exists a commutative

diagram

Hn A An x Hn x A Hn a

If g Ift g Ift
Ift is
An B An x An x B An i B

This property
is called naturality

and it follows from
the commutativity

of the following diagram



O CnCA Cn x Cnlx A o

o totes is chit chits o

which is obvious and fact that

f 2 Of

In a similar manner there also

exists a commutative diagram

In CA In 4 EAT XIA Tn GA

anti.fi scttsIantIj InttE



Equivalence of simplicial and

Minar tomgy
het X be a H complex

and

A a sub complex
Then HIGA

is defined by considering
the relative

Chain group
An x A An X Anca

There is a canonical homomorphism

Hn x A An lx A induced by

natural chain map In x A Cn x A

sending
each n simplex

Dna

characteristic map of D's x

defined composition

DIG XI DL X ex

ra is in essence the composition
of

the attach in map
with the quotient map



theorem Let x A be a A complex

pair Then the homomomorphism

Hn XIA An X A is an isomorphis

for each
n

Proof We first consider
the case X

is finite dimensional
and A 0 we

have the following commutative diagram

An't X X HP x Had xk His xx D Hn x

tea B tr Is Ie

Hat X Xk Itn x I Ha xk Hn xx D Hn e x

Now we make the following
observations

a An x's xk
l

o if n k

Ck simplices if n k

Thus An Xk Xk l has the same

description
b The characteristic map of X

induce

É Y Aka ODI
XK XK 1



the I induces a homeomorphism

of quotient spaces
LIA'S U odd XX K I

and hence an isomorphism
of

homology groups Consequently

from the fact that Hala's
oak Link

we have

Hn x's x go
if n k

Relative cycles
given by char if

map oh
n k

From and b we have L and

S are isomorphisms Moreover by inductio

B and E are also isomorphism

Finally we appeal
to the following

basic algebraic
lemma



thefivehemma In a commutative

diagram of abelian groups

A BE C IDLE

at is It
if the two rows are exact and

Lip 8 and E are isomorphisms

then r is an isomorphism

Thus from
the five lemma it

follows
that is an isomorphism

For the infinite
dimensional case

we first make the following
claim

claim A compact
set in X can

meet only finitely many open
simplices

of X



Prooflofclaimt Suppose
we assume

that a compact
set C intersected

infinitely many open
simplices

is

It would then contain an infinite

sequence
xi each lying in

a different open simplex
Then consider the sets Ui X Y
Note that each Fifi is open

Thus Ui forms an open
cover

for C with no finite sub
cover

We use this claim to show that

Hnd x Hn x is an isomorphism

We only
show the argument for



surjectivity us the injectivity follows

along similar lines

Consider a class 2 e Hn x

represented by a singular
n cycle

2 As z is a linear combination

of finitely many singular
simplices

each with compact image
Thus

z meets only finitely many open

simplices in X and hence zexk

for some la Now the surjectivity

of the mapfollows from
the fact that

HE X Hn x is an isomorphism



For the case when A 0 we

consider the following
commutative

diagram
HICA Hi x HE x A H A Ani x

Is tis tr Is Ie

Hn A Hn x Hn x A Hn A Hn x

Now a p
8 and E are isomorphism

from
the case A 0 Therefore

T is an isomorphism from
the

five lemma

Defy The number of Z summands

in An x is called the
nthBeltinumber

and the orders of its finite

cyclic
summands are called torsion

coefficients



 

Applicationsofhomology

Def For a map f S 5

the induced homomorphism

ft HT Sn
In S is an

isomorphism

Z 2 Hence I de Z

Such that f a da for each

he HICS This integer
d is

called degree
off denoted

by deg
f

Proposition Properties
of deg

a deg
id 1

b If f is surjective
then deg f o

C If fig
then deg f deg g

d deg fog deg f degcg



e If f is a reflection of Sh

fixing the points
in a subsphere

Sn
1 then deg f 1

f The antipodal map
a she

has degree
eight

g If fishes has no

fixed points
then deg

f fist

PIET is is because ids

id nesn

b Suppose
that I scoeshf s

the f is the composition

Sn s so Is

The assertion now follows



from the fact that Hn 5 303 0

c We know that if fr g

then f g
Therefore

deg f deg g

Note that the converse of this

statement is due to Hopf 1925

d This follows from
the

fact that fog fog

e we have seen that s

has a b complex
structure

with 2 n simplices
17 AS

attached

along
21mi and that

Hn Sn Lai AE



A reflection such as f would

swap Di with D2 and so

we have that Ai Asta D

Thus deg f 1

f This is a direct consequence

of the fact that a is a

composition
of 1 reflections

g If fish sh has no

fixed point
then the map

His'xI s units

defines a homotopy from
f to a

Thus deg f it



theorem Sh has continuous

non vanishing tangent
vector field

iff n is odd

Proof Let v S R be

a non vanishing tangent
vector

field
Since v60 o Hx we

may
normalize v by replacing

v by Yun
Then the map

F Smx fort s definedby

Fest Cost VG Sint VG

is a homotopy from
ids to

a Hence we have that ti int

I or n is odd



Conversely if n is odd then

V 74 n 2k 1 7621 762,74 76K 14 1

is a non vanishing tangent
vector

field on Snl vault
and

Loe vex 7
0

Proposition Zz is the only
nontrivial group

that can act

freely on s if n is even

Proof An action of a group

G on a spaceisfinedto
be a homomorphism Gf Homeo X

Such an action is said to be

Ie if 41g has no fixed points



for each geG
Now the map deg

Homeo x EB

induces a map d G É
where d degol Clearly

d

is a homomorphism
Ker 6 is

if n is even Thus GC 22 Be

r tf.sn snhaveth

property that for some point yes
f y

ai ca in Let Vio xi

be a nbhd such that f Ui CV

where V is an bhd of y



Then we have the following
commutative

diagram An Ui Ui sci Hn Ed

Hals Shiki An sn.sn
fi icy Hn sis y

x J 4 4

3 Hn s Hn Sn

Here ki pi are induced by inclusions

and I z follow from
Excision

while I and a follow from

the exact sequence
of pairs

Thus the fat con top
becomes

an isomorphism
since

Hu Vi Vi Xi Hn V.V y Hn s

Z

In particular f
is multiplication

by an integer
called the local

degggtgfg.gg
denoted



Proposition deg f Ii deg fbi

Proof By Excision it follows

that Hn sh s f ly I Hn Vi Vi e

I Z

Moreover Ki i ei inclusion

on the ith summand
and since

the upper triangle
commutes we

have pile 1 j i.e pi
is the projection onto

the ith summand

By the
commutativity of

the lower

triangle we have Pij 1 1

and so it follows
that

j 1 I D Zi ki i



Now the commutativity of upper

square implies
that f kill

degfloci f ja f Zi kill

Idegelxi

Finally the commutativity of
the

lower square implies
that

deg t Ideglfloci

Examples
a Consider the maps

Sh Ys s where

9 collapses the complement

of K disjoint balls Bi in S

to a point and p identify



each of the resultant sphere
Summands to a single sphere
Let f poop then for almost

all yes
we have f fyi a ok

where xie Bi

Since f is a local homeomorphism

at each sci we have deg fbi
1

By pre composing p
with reflection

of the
summands of Uk Sn

we can produce maps
Sh Sh

of degree
Ik

Example Consider the map

f S s z 2k When



k o f is a covering map and

so we have f y San ok

with f being
a local homeo

around each Ki

Yz A rotation has

a a degree
ta as it is

homotopic
to idsn

I f since around each

point sci f can

y be homotoped
to

be restriction of a rotation we

k

have deg
f deg floc

K



Def The suspension
SX of

SX Xx 0 1 1 203 u Xx B

so pt

xx EB p t

Thus a map fix x suspends

to a map Sf Sx SY

Proposition
For a map fishes

deg f deg Sf

Prod First we note ssh sht



Moreover CS SII sx i Dnt

the cone of S has base 5 20

so Cs Ys Ight Ssn

Thus the map f
induces a

Cf Csn Sh
esh s

with

quotient Sf Sh
t

fckn SECS

Thus by naturality
of the boundary

maps
in the LES of the pair

csn s we have the commutative

diagram
In S Hi Sh

1 Sf If
Inti sht Hn Sn



Hence deg f deg Sf
t

CellularHomology
If X is en complex

then

a Hk x xn go
if Ken

n cells if Ken

b Hk x O for k n In

particular if X is finite
dimensional

then Hk x o for
k dim x

C The inclusion i X X

induces an isomorphism

it Hk X Hk x for Ken



Proof a Since x Xn is a

kn cells

good pair and xyxn YII.sn
we have

kn cells

HIX X DE Akil s

kn cells

Z if Ken

O if K n

b From the hes of the

pair
X xn D we have

Hkt x X
1

Hk Xn Hk X

Hk Xx
1

Here Ha x xn o for k non l

So Hk x Hk x fork hint



Thus for k n we have

Hk X Hk X o
as

required

C If Ken then

Hk Xn z Hk X for
all m o proving C

if

X is finite dimensional

The proof for
the infinite

dimensional case is left as an

exercise t



For a cw complex by hemma

above we have the following
diagram Hn x ÉIn x

an
Hn x

gon

Anti x Tx Hn xn xn Hn e Xx

Pin I

Hn xn 1

O
F

Here Anti jnoont and
dn jn ion

and so dnodnti jn.io nÉjn
o2nt1

0

Thus the horizontal row forms

a chain complex
called the



cellularchain complex

The homology groups
of this

chain complex are called the

cellular homology groups
Hine

theorem Hiw x Hn x

Proof From the diagram
above it follows

that

Hn x E Hn xn
Im anti

Since Jn is injective
we have

a Im in Ker 2n

b Im anti Im Ino 2nd
Im anti



Since ja i is injective
we have

c Ker on Ker dn Thus

from a c it follows
that

In induces JT
Hn X Im anti

Ker ldn Im anti
Hi X ee

Corollary
a If X is a cw complex

with

k n cells then Hn x is generated

by at most k elements In

particular if X no k cells

then Hnw x O

b If X is a cw complex
with no two of its cells in



adjacent dimensions then

Hn x kn cells in X

Example
Eph Int o x xv for

x O Equivalently
Cph sent cent un Xv for
1 1 1

Claim ICP DYunxu for re 25

Roof The vectors in Sant
c anti

with last coordinate
real and

nonnegative
are precisely

vectors

of the form
W Fir ed e

with lulls 1 These vectors form



the graph of
the function

WF Twin Note that Imf

is a disk D't bounded by
the sphere 52h c Sant where

52 w o eenxe Hwy I

Since each vectors in Santi

is equivalent
under the

identification

rn xu to a unique

D if the last coordinate is

Zero we have un tu for

V e 529 1

From this description
we see

that Qpm epn t we where

ez is attached by the quotient



map San epn 1

Thus by
induction we have

ph duet vein

Therefore
Hi een 22

i 0.2.4 in

0 otherwise

Proposition Ccellularboundary

MA
dn end Ipdapepht

where

dap deg sax's Spn

that is the composition of the

attaching map
of ex with

the quotient map collapsing

xn l
eph to a point



Examples a Mg has one o cell

2g
1 cells alibi ag.bg

attached

along
alibi ag.bg The associate

cellular chain complex
is

24229 z 0

As there is only
one o cell d 0

da e4 EY die where the

one skeleton comprises
the edges

e e's e
2g

e 3

I aest

ee Dae



Thus dale Eze IIe 0

229 if n l

An Mg a if nor

O otherwise

b Non orientable surface

Ng of genus g

effy
EEE

e

Ige one
e

0 22 42912 20



As in the case of Mg di o

Moreover dale 2Ée'i
2 it t e'g

i e d2 1 2 2

Hi Ng KIKI 5ft
É's

2 29 212

Z n 0 2

Hn Ng
Ya za n

o otherwise



C RP has a cw structure

with one cell ek in each dimens
n

Len and ek attached
via 2 sheeted 4 SKIP

052 z
2 2 0

I
I

dk deg
s IRP RPkyppk 2

Note that SK ISK Da w DI
and goy Di hi is a home o

Such that ha h o a

Thus we have deg woe

deg
id deg a

I C DK

So dk
0 if K is odd

2 if K is even



Z if K 0
K n odd

Hk RP Zz if k odd
Oc Ken

O otherwise

É

the Euler characteristic
X x

is definedtokeiten
where on is the number of

n cells of X

theorem X X It rank Hn x

Proof Here rank is the number

of free generators of
x



For a short exact sequence
of finitely generated

abelian

groups
o A B Go

we have rank B rank A

rank C

Now we consider the chain

complex
Cnt on Cn i s edicts

where Cn Hn xn xn
1

This leads to two sess

a o keran Chex Im dn o

b o Im dna Kerldn And
o

From and we have

i Rank Cn X Rank Iman
Rank Ker dn

Ii Rank Ker du Rank Im anti

Rank Hn x



Sub cii in C multiplying by
G and summing

over n we get

Itis Ranken

Itis
Rank Im dn

Rank Im anti

IG Rank Hn X

Iet Ranken na Rank Hn

BE

For a SES

SIIIIFstic o of

groups
the following

statements

are equivalent
a BE A X C



b F a homomorphism
P B

A such that poi ida

C F a homomorphism

g GB such that jog idc

In particular if
A B and

C are abelian then the

statement in a takes the form

A EB C

Proposition If r X it

is a retraction
onto a subspace

then Hn X Hn A Hn X A



Proof If i A X is

the inclusion then rot ida

Aoi damn Thus the

SES

o Hn A Hn X Hn XIA

O

splits yielding
the assertion Be

ETIIppose I a retraction

r Dn Sn Then

Hn i DD Hn S

Hn i Dish
l

which is impossible



b Suppose
that the mapping

cylinder Mf of a map fists

of degree
m i retracted onto

Snc Mf then I a split
SES

O Hn Sn Hn Mf An Mesh
O

112

o 252 Em
0

MayerVietorisfeguence
het A BcX such that X 105

het Chat B be the subgroup of
Cn X consisting of chains

that are sums of chains in

A and B



Then 2 na Cn e x takes

CnCAtB Cn i ATB So F

a chain complex of Atb

Moreover CncatB
Cn x

induce isomorphism
on homology

groups Proof of Excision

Thus the SES of chain complexes

O Cn AMB CnCA Cn B

Chat B so

where 660 6 x and 4G y

xty yields a Les of

homology groups
called the

Mayer Vietoris sequence



theorem F a LES of homology

groups given by

An AMB Hn A Hn B

Hn x Hn Ilan B

where I is induced by
4 CnCAMB Cn A Cn B

given by
664 x x and

I is induced by X Cn A

Cn B Cna

Example Take
X S AUB

where A and B are northern and

Southern hemispheres
with

An B Sh
1



Then the reduced M V sequence

yields
II CA II B Ii Sh

Ii i Sh
1
q

Ii A HI CB

Ii Sh Ii Ish

b The Klein bottle K AUB

where A B are Mobius bands

glued along
their boundary

circles By
the M V sequence

we have

O Hz k 7 HICAN B EH A OH ICB

Hi k O

O Hack I 2 3oz
Hi k 0



Ha k E Im La Ker E SO

Hi A Hi B Ker E I HICK

HI A HI B Im E E HICK

41 51 2022



 

Cohomology

het X be space
and G an abelian

group
Consider the chain complex

of free
abelian group

Cna x Cn x Cn i x

We dualize this complex by
considering

the cochain groups

Cat x Hom Cn x G Hn

Then for
each n On induces

a map
C x Ent X

Since 2nodnti o it follows
that

Sn ti oSn 0



Thus we obtain a dual chain

complex

Cn x Ct x ECE x

an we define the nth Cohomology

group by
H xia KEITH

theorem Universal Coefficient
Theorem For each n F a

split SES given by

O Ext Hn i X G H xia

Hom Hn x G

O



ha F a natural hom

h H Xia Hom Hn x G

A cohomology
class

Proof
4 EH Xia is represented

by a home C x G

such that Sna 6 0

Yo anti o 6 vanishes

on Im anti
Thus I Retcon

induces a T Hn x G

Moreover as ye Im Sn

we have

4 8 n Y Q 2n and so

it follows to o in Ker 2n



Thus my mapping eat

We get
a well defined

hom ie

hemmat h is surjective
Prof Consider the SES

o Kevan Cn x s Im Con

A
p

0

Note that this splits since

Iman is a free subgroup
of

Cn i X

Thus F a p
Cn x Ker on

Such that pl Ker 2n
Id Ker 2n

Composing Yo Keren TG

with p we obtain an extension

of 40 4 Ker 2n to

Y Loop Cn x G



Thus this extends homs

Kercon G that vanish in

Imani to homs Cn x G

that vanish in Im Conti

In other words we obtain

a hom

Hom Hna G Ker Santi

Composing
this with the quotient

map
Ker Sna H X G

yields a hom

Hom Hn x G TH x G

such that hod id Hom Hna G

his surjective
and

we obtain a split SES



O Kerch H Xia

Hom Hn x G

O

Deft A free resolution of

an abelian His
an

exact sequence
Fa F Fo H o

where each Fn is free

hemma Given free
resolution

F and F of abelian groups

H and H every
hom a it

can be extended to a chain

map
F to F



Fa F Fo He 0

422 121 tho Id
T Fa F Fo H 0

Furthermore any
two such chain

maps extending
a are chain

homotopic
b For any

two free
resolutions

F and F of H F canonical

isomorphisms
H Fia HYE G

for all n

Example Every
abelian group

has a free
resolution of the

form
o F Fo H O



with Fi o for i 1

Take Fo to be free
abelian

group
with basis bijective

with a chosen gen
set for It

Then F

a natural hom fo Fo H

sending
basis ells chosen

Setting Fi Ker fo

generators
we obtain the required free
resolution F

Note that H FIG o for

n 1

Def We define
Ext AiG H FIG



hemmay Ker h Ext Hn i x G

Proof Considering the dual of

0 2nd Cnt Bn o

to to to
0 Zn Cn Bn no

yields the following diagram

O ZI Cnt BE 0

To 8445 148

0 at Cnt BETO

The rows of x are also exact

dual of a split ses is a split SES

has an associated LES

B.tt 2n Hn XjG

Bit Et



Here the boundary map
int

is the dual of the inclusion

in Bn Zn This is

consistent with the manner in

which such maps
are defined

traditionally
via diagram chasing

Note that in o 0 Bn

The LES breaks into SESS

0 Ker int H X G

Coker int
O

Since Kerlin Zn G 141in o

Zn Bn G

Hom Hn x G



Also note that the
map

H Xia

Ker int becomes h

Thus by
hemma 2 we have

a split
SES

O Coker int H x G

Hom Hn x G 0

Finally it follows
the hemma

on free
resolutions

that

Coker int Ext Hn lx
G

by considering
the free

resolution

0 Bm Zn i Hn i c
o

BE



Proposition
a Ext H H G I Ext H G

Ext H G

b Ext H G O if It is free

o Ext Zn G E GING

PIFFoll.ws from the fact that

the direct sum of free
resolutions

is a free
resolution

b When H is free the free

resolution o It it to yields

the assertion

C Consider the dual of
the

free resolution

0 252 Zn 20



This yields the
exact sequence

I
0 Ext Zn G EEZ't

ZEO

and the assertion follows
as

Corollary If An x is finitely

generated for
all n with torsion

component Tn
then

HMX 2 E HII Tn 1

Corollary If a chain map
between chain complexes

induces



isomorphisms on homology groups

then it induces isomorphisms
on

cohomology groups

Remand The algebraic machinery

of UCT can be generalized
to

modules over a ring
R by

considering
R modulus homs

Home instead of Hom

This will use the fact that

Sub modules of free
R modules

are free if R is a PID



Rcdcohomolyog By dualizing

the augmented
chain complex

Co x Z o By

applying
uct we see that

x g

Xia for n o

Hom Ho x G for no

hESofpair We dualize

the SES o CnCA Cn X

Cn x A

O

to obtain LES of cohomology

groups



H X A G H x G

É Hn AiG Hn x A G

An analogous sequence
Flds for triples

Inducedhome By dualizing
the chain maps f Cn x ne

we get
the co chain maps

f Ch x
Ch Y The

relation f 2 2 f dualizes to

Sf f g so f induces

ft H Xia H Xia



The same reasoning
also

holds for maps f
x A YB

Homotopyinvariance
If

fig x A
Y B

Then

g f 217Pa dualizes to

g f p g 8p Thus

we have f g
Excision As in the case of

homology for subspaces
ZCACX

with ICAO the inclusion

i X Z A 2 x A induces



it H X A G H x z A Z G

for all n

MayerVietoris If X A U B

F a LES

H Xia H AiG H BIG

HCAMB G

Ant x G



hetr
z.dztForcochains4eck
xiR and Ye Cl x ir the

Cup product
puteckte x r

is the cochain whose value on

a singular simplex
o Skt X

is given by
the formula

YUN o 46 Evo Via 7 01 via Yate

Here the RHS is a product
in R

hemme 81404
8604 C I v80

for ye CK x R and Nececxir

Proof For r Aktet X we have

8404 6 CITY Cola E VktB

1 0
y Colquitt Viola

e



1 KC v84 o ÉIÉI Ufo voi Vk

4 51 via Fi Vktet

The last term of first sum cancels

in the first term of the second

sum

Since or III o voi vi Vater

what remains is 8604761 4001 20
BE

Remarks
a From the lemma it follows that

the cup product
of 2 cocycles

is a

cocycle
b The cup product

of a cocycle
and

a coboundary
is a coboundary

be caus

i Yusa IS YUU

Ii Sevy g yup

if 86 0

if 80 0



Thus there is an induced cup
product map

H x R x AEGIR H Ex R

ExampleCathet My
closed orientable

surface of genus g
1

it

The cup product
of interest

is

H Ma x H M H Ma

By Oct H M Hom Hi M 2

Thus a basis for H M determines

a dual basis for Hom H Ms 2



In particular a dual Li of ai

assigns value
1 to ai and o on

the remaining basis elements

Similarly we have a dual pi for
bi

Define a cocycle
Ii to have value

one on the edges
that meet are di

and zero elsewhere

Similarly define
Ni counting

intersect

with bi

Then 4 UN takes value o on

all 2 simplices except
the one

with outer edge b
on the lower

right
on which it takes 1

So Yu N takes 1 on the z chain

c formed by the sum of the

2 simplices with signs
indicated



Since 2 0 and there are no

3 simplices
c is not a boundary

PI is a no trivial class in HIM

Since Chu c generates
Z

it follows
that c is a generator

H2CHE Z and H uh generates

H2 Ma IZ

In general
Yiu n

inito i

o i j

Nj u ti



For the non orientable surface

we use 22 coefficients

As before for
each ai we choose

the dual basis di H N 22
Hom H N Zz

As before diva
to if I i

o if i j

Proposition For a map fix Y

the induced maps ft
H Vir Hair

satisfy f up f a of p



Proof It suffices to show that

f 6 uf G UN

f yuf x r f g otero Vid

f x o Vk skate

4 for fro Vk

x fo Vk skate

ON fr

f YUN r As

The absolute and general forms
are the maps
HKCXIR x HYY R Hkt xxx R

HK HAIR XHYY.BR
I

Hktlfxxy AxyoxxB
R



defined by
axb p a u Pat b

where props
are the projections

of Xx y onto X and Y

Defo Cohomology ring The direct

sum H Xi R H Xi R comprise

no

finite sums Ziti with Lie Hilir

and the product of
two such sums

is defined
to be Eiti Ej pi

Zighip
Thus A XJR is

a ring
with identity if R is a

ring
with identity called the

cohomologyringy



Remade We
may regard

H Xi R

as a gradedring
i.e a ring

with

decomposition
as a sum k o

Ak

of additive subgroups
Ak such

that multiplication
takes Alaxte

to Aktl

The simplest graded rings
are

polynomial rings Rex and their

truncated verision RED xn

consisting
of polynomials

of

degree In



Example Let X be the 2

dimensional ow complex obtained

by attaching
a 2 cell to s by

the degree
m map

S s zum

By UCT
and cellular homology

we have

H x2
Z for n o

Zm for n z

Cup product
structure is uninterstin

However with Zm coefficients

Hi Xi Zm Zm for i 0.12



A
generator

a of H Xi Zm

is
rep by

a cocycle 4 assigning

the value 1 to the edge
e which

generates
H x

Since 4 is a cocycle
we have

4 ei 4 e L eiti for all i

So we
may

take Kei ie Zm

and hence

4 4 Ti Kleine i

Since It is a gem
of Hz Xian

and there are 2 cocycles taking
value

1 on Ziti we have

h Ifcxizm Hom Ha Xi Zm
Zm

is an isomorphism



The co cycle puce takes the

value If i on Ziti and

hence rep Efi p e H Xian

where p
is a

gem
of HEX Zm

In Zm o if m is odd

III is if m 2k

Thus
Lua ago

if mis odd

KP if m 2k

In particular X RP Ep
in H IRP 22



From these examples
it follows

that

HARP 22 Eff a

theorem H RP 227 247

and HARP Zz 2212 where

141 1 In the complex
case

H EP Z ZED anti and

H EPT Z E Z La where 121 2



hemmed The inclusions in X a Wax
induces a ring isomorphism

H UaXxi R ETH Yair

with respect to the usual

coordinatewise multiplication
in a product

ring
b Similarly the inclusions

is Xx Vata induces a

ring isomorphism

Ta I XDR
VaXa R

Example Consider the spaces
Gp2 and Just Using homology

or simply the additive structure

of cohomology ione cannot distinguish



between these spaces However

the cup product
structure of these

spaces
are different

To see this note that the square

of each element of 445354 Z

is zero since F a ring isom

11 5 42 1 5 2 17 54 2

But the square of a generator

of H2 Gp2 2
is nonzero by

an

earlier theorem

theorem Given a commutative ring

R for all
x e Hk X Air and

BE He
X Air we have

Lu B C 1
Kl Bud



Deft The product map

A Xi R X H Y R H xxx R

given by
ax b p a x pat b

is called a cross product
or

Enacpproduct
theorem Kunnethformula If

X and Y are CW complexes
and

Hk Vir is a finitely generated

free R
module for all

k then

HAIR KHAYR
H Xxxi R

is a ring
isom



Example H RPO x RP 5 Zz

I HARPY Zz HA RPO Zz

I 22L ZIP by th
m

I Zz Lip



 

PoincaréDuality

Def A manifold of dimension n

or an n manifoldisaHausdorff
Facinhicheach point

has a

neighborhood
homeomorphic

to IR

A compact manifold
is called closed

Examples Sh
IRP and EP are

closed manifolds

Remarks The dimension of a man ifol

M is intrinsically characterized by
the fact that for

ace M Hi MM 23,2

O only for
i n This is be caus



Hi M M 2 3,2 Hi IR IR 203 2

by Excision

I Ii R 0352

LES of pair
IR is contractible

I II s 5 z

R 20 Isn D

Deff A local orientation of

M at a point
Misachoice

_eraMfrHn M M is

which is an infinite cyclic group

Def An orientation of an n

manifold

M is a function
x pix

assigning
to each xeM a local

orientation Mace Hu M M x



satisfying the
local consistency

condition that each Ken has

a nbhd U elan containing
an

open
ball Box such that

all local orientations ply at points

YEB are images
of one generator

MB of Hn M M
B E Hn Rn IR B

under the natural maps Hn
M M B

An M M y

theorem Every manifold
M

has a orientable 2 sheeted

covering space



Proof As a set let

MT Me seem and pix is a local

orientation of M at x

The map plans
x defines

a

two to on surjection
M

To topologize
IT given

a ball

BCM of finite radius
and a

generator MBE
Hn M M B let

U Mp MaceM
KEB and

Mx is the image
of MB

under An M M B An MM e

Then U MB forms
a basis for

a topology
on MT and A M

s a 2 Sheeted covering space
to



Remark One can imbed MGM

in a larger covering space
Mz M where

Mz axe An M M x KEM

As before we topologize
Mz

via the basis UK Lx REB

and 2x the image
of dB

GHn M M B under Hn M M B

An M M x Then Ma 7M

is an infinite sheeted cover

Note that Mz YI Mk where

Mo XM and

Mk KEN Lee An M M x

and ace M



Deff A continuous map

M M z of the form dude

E Hn M M x is called a section

of the covering space

Remarks An orientation is

essentially

a section x pex
where

Mx An M M 223

Remark One can generalize
the notion of orientation by replacing
Z with R An Reorientation

assigns
to each Ken a

generator
of Hn M M x R

with the local condition where



a generator is
an element

u such that Ru R

u is an unit in R since 1ER

Thus Mz generalizes
to

Mr M

Since Hn M M Ex R x Hn MM x

R

MR Yep
Mr where

Mr IMx reHnCM.M
x R

xen



theorem Let M be a closed

connected n manifold Then

If M is R orientable

the map Hn Mir An MM xi R

FR is an i som H Kem

b If M is not R orientable

the map
Hn Mir An M M Kir

FR is injective
with image

rer 2r o H Ken

C Hi MiR o for i
n

In particular y if it is orien

Hn Miz o otherwise



Deff An element of An MiR

whose image
in Hn M M xiR

is a
generator for

all x is

called a fundamental
class

formwithcoefficientsint

Corollary
A fundamental

class

exists if M is closed
and

R orientable

Proof Follows from
earlier

theorem

het Me
Hn Mir be a fund

class and let Mac e Hn M
M XJR

be its image Then x pix is

an R orientation it factors
through An M M Bir for any Box



Since Mac 0 only for all
x

in the image of
a
cycle rep M

which is compact

Remarks Suppose
an n manifold

M has a A complex
structure

In simplicial homology
a fund

class must be rep by
some

linear combination Zikiri of

n simplices ri of M

Since this maps
to a generator

of An M
M x z for

all x

in interiors of ri we have

Ki II Hi Also since Ekiti

is a cycle if Goo share a

Cn l dime face ki determines kj



Thus it can be seen Ekiti

is a cycle
iff M is orientable

With 22 coefficients EE is

always
a cycle

Corollary If m is a closed

connected n manifold then

Tn i
1 if M is orientable

22 if M is non orientable

Proof Apply Oct and the

fact
that homology groups

of

M are finitely generated



Ign.to
TEiargesmp aax

an a coefficient ring
R we

define
an R bilinear cap

product map
n Cair x Clair

Ck e XJR

for Kel by mapping
a

pair 15,4
where o x

and ped x r to the singula

singular
Ck l simplex

one 6 0 Evo ive o Eve Via



It can be easily verified
that

26 4 C 1 26 6 o 84

Thus
a Cap product

of a cycle
and

and cocycle
is a cycle

b cap product
of a cycle

and

coboundary
is a boundary

C Ca and b F an

induced cop product map
HIXIR XHYXIR I HK e XJR

which is R linear in each

variable

d F induced maps
i Hk X A R x Hl Xi R Hk e x Air

i HK x AiR x Hl X AIR Hk e XJR

Iii Hk X AUBIR x Hey Air

Hk e X BIR



where A and B are

open
in X

Lemmy Given a map F X Y

the relevant induced maps
on

homology
and cohomology fit

into the following diagram

Hk x x HH Hk e x

Tf If
1ft
Hk Y x Ht Y Hk e x

Proof This follows from
the fact

that fila my f an e

Theorem Poincaré duality If M

is a closed R orientable M m fld

with fundamental
class

MJ e Hn MiR then the map



D HK MIR Hn K MiR

defined by DG H a is an

isom H K

A fundamentalÉÉÉi

by the 2 cycle formed by
sum of

all 4g
2 simplices

with signs
indicated

Let Yi resp ti be the cocycle

rep
ai resp pi assigning

1

to ai resp
bi and o to others



Then M nai bi and MIN Ni

ai

Thus bi is the Poincaré dual

to di and ai is the Poincaré

dual of pi
In terms of homology ai and

bi are Poincaré duals of
each

other up
to sign

Ticket

each pair a.pe
I I reI such that

LEV and per Such
an index set

is called a directedset



Deff Let Ga aeI be a family

of abelian
groups

indexed with

a directed set I Suppose
that

a For each ape
I with hep

F a hom fap Ga Gp

such fax 1 Ha and

b if per
then

far fapofpr

Then Ga act
is said to

form
a directedsystemof

group



Deff Given a directed system

of groups the direct limit

group lim
Ga is definedalows

lim Gx 1 Galka fapla acts

where we view Gac Ga

Equivalently

lim Ga Ga where

LEI

arb if fapla fpr b for

some I where a e Ga and beGp

Remark If JCI with the

property that for each e I F

BET with hep then tiny Gx



tiny Gp

In particular if I has a

maximal element r then

line Ga Gr

Prof If a space
X is the

union of a directed set of subspaces

Xx with the property
that each

compact
set in X is contained in

some Xx then the natural map

lim Hi Xxi G
Hi Xia is an isom

Hi and G

Proof A cycle
in X is represented

finite sum of singular simplices



The union of these is compact
in X and hence lies in some

Xx So Lim Hi Xxi
G Hi Xia

is surjective

If a cycle
in some Xx is a

boundary
in X compactness

would imply it a boundary
in

some Xp Xx cycle rep
Zero in line Hi Xx G

a



Ghomologywithcomp actsmort

Def Let Ci xia be the

subgroup of c Xia consisting

of cochains y Ci x G

for which
I a compact

set

K Kye X such that he is

zero on all chains in X K

Then Sy is zero on chains in

X K so see Cait Xia Thus

the C x G form
a subcomplex

of the singular
cochain complex

of X

The cohomology groups
of Hilxia

are the cohomologygroups
with

compactsupports



Remand For a space
X let

ka be the compact subsets

of X Then Ka form
a

directed system
under inclusion

For each a consider H x x Kasa

Then when Kac Kp F a natural

Tom
Hi X X Kai G H X X Kpis

Lemmy H x G slim Hix X KaiG

Proof Let me ling Hi X X Kai G

Then z is a co cycle in c X X Kaia

for some d Moreover z is zero

in 1in Hi X X Kai G iff



iff z Sy for y e c X X Kpis

for Kp ka

Remark If X is compact
then Hi x G Hi Xia

Example We wish to compute

him Hi IR R Kai G

It suffices to consider LeZt

and Ka BEI as every

compact
set LCR is contained

in Ka for some 2

Note that

H CRIB Ka

G if i n

0 otherwise



Moreover

HYRn.IR KaiG HhRYIR KaiiG

is an isom

Hi R G ego
if i n

G if i n



 

Homotopytheory
For a space X with basepoint
HEX define the set Tn X co

to be the homotopy
classes of

map f In 21 Xoxo

For n 2 consider the operation
on Tn X co defined by

ftg
si sn

fast sa sn s eco I

9125 1,52 sn S e CI

Theorems For n 1 Tn X co is an

is a group
which is abelian for ne

Prof The operation is clearly
well defined on the homotopy

classes

by setting
f Lg Eftg



We already know that the assertion

holds for
n 1 as defines the usna

loop concatenation

Also since only
the first

coordinate

is involved in Even for
n 2

the same arguments
as for T

Show that Tn Xiao is a

group

Finally ft g gtf via the homotopy

in the following figures

THIEF IIE

EMEI



Remand
a The definition for

Tn Xoxo

extends to the case n o by

taking
Io to be a singlepoint

and 210 0 In this case

To X co is not generally
a

group
b Maps In 2In xoxo

are the same as maps

IYIn.IE
n

xoxo

ie map S so
xoxo

where homotopies
are via maps

of the same form



The operation fig
can be visualized

as follows
in this case

chaps Ty
equator J

them If X is path
connected

different
choices of

base point

do produce
isomorphic groups

Tin x.no

Proof Suppose
I is a path

in

X from
Xo to x

We define
an map

Yo Tn X co
Tin X xi

as follows
Yo f fr where fr is



obtained by
1 Shrinking

domain of f into

a smaller concentric cube

Eli

2 Inserting path
P on each

segment
in the shell between the

smaller cube and 21

3 Set fr r for



Furthermore fr satisfies the following

properties
a ft g r fragr
b frm f r
C fa f

Which b are apparent
a can be realized through

the homotopy

ht si sn

g
fto7 2 t SiiSa sn sie lo s

Otg
2 f s t 1,52 sn

Siete I

Thus
g r Cfto Co g r

fr gr
Consequently a c imply

that

Yr is an isomorphism



Remarks IT X co acts on

Tn X co via r f 1 fr

Since fry fr this induces

a hom

Ti x co Aut Tn Xoxo

When n 1 this the action of T

on itself by
inner automorphisms

For n I the action makes Tin Xiao

into a module over the abelian

group ring Z Tex cos

Note 21T Eniri ni ez Piet

Thus the module structure on



Ti is
given by

f Eniri
Zi ni fri for

fetn

Remark Tn is a functor
A

continuous map 4 xoxo Yoyo

induces a homomorphism

Ux Tn Xiao Tin Yoyo

defined by Y f Yof

Clearly I is a well defined

hom



Prof A covering space

p I co X co induces an

isomorphism P Tin I co

Tn Xoxo for n 2

Proof The injectivity follows
the same argument

as T

Surjectivity follows from
the fact

for n 2
every map

Sso Xiao

lifts to a map I Sso T.no

by the lifting
crieterion

Corollary When X has a contractib

universal cover Tn Xoxo o for n 2



Example
Let Th ETS Then Tilt O

for
i 1

Proposition For a product Taxa

of an arbitrary
collection of path

connected spaces
Xa I an

isomorphism

Tn Taxa TTin Xx

for all
n



Def The relative homotopy
groups

of a pair X A is

defined
to be the set of

homotopy
classes of maps

In OI Jn X A co

where The 2In IT and

In is the face of In

obtained by setting
the

last coordinate as zero

T jo x a co is left undefined

b Tn X co co Tn X xo

C Tin X A co is a group

for n 72 under which is



abelian for n 3

d For n I I o I I u

and J I Thus X A co

Homotopy classes of paths from
a varying point

in it to a fixed

point A This is not in general
a
group

e Equivalently
Tn X A co

Homotopy
classes of map

Dn Sn
t
so

X A co

Lemma Compression
criterion

Imap f D Sn Iso x A xo

represents
zero in Tn x A xo

iff its homotopic
rel Sh to

a map
whose image is contained



in A

Proof If such a

homotopy
exists of f to a

map g
Then f g in Tn Xiao

and g o via homotopy
obtained

by composing g
with with the

def ret of D onto so

Conversely let f o

TF D I X Then

by restricting
F to the family

of disks in DII starting
with D x o and ending

in

Dhx i us XI we obtain



a homotopy of f onto a map
into A stationary

on Sn t

theorem Ther exists an exact

sequence
Tin A co Tn X Xo

Tin x A co

Tin i Apco

Todisco

where i and j are inclusions

Aino Cs x co and X xo xo

X A co and 2 is obtaine

by restricting
D sn Iso

X A co

to Sh for In OI J
1

x A lol

to In
1



2 is called the boundary map

É act ness at Tn X B co

In 219J A B xo representsi

compression
criterion

Thus Im it Ker Jx

Suppose
that faker ji ie

f In In Tn X B xo

represents
zero in Tn X A co

Then by cc f is homotopic rel

2 In to a map
with image

in

A Hence f e Tin X B xo

E Im in



ExactnessatTI
Oj 0 since the restriction of

In OI Jn 1 x B co to In l

has image lying
in B and

hence represents
zero in

Tn i cut B co
Thus Im Jx

C Ker 2

Conversely
let feker o i.e

the restriction of f In JI J

X A co to In represents

Zero in Tn i A B co Then

flying
with Im g CB

via F In x I A rel 21



We can tack F onto f

F

to get
a map

I JI J

X B co which is homotopic

to f as a map
In 2InJJ

l

XIA co So f eIm j

ExactnessatTIB
Exercise

Examples From the LES of the

pair
Cx x we have

Tn ex X co Tn X co men



In particular by taking
n Z

and X X G with Ti Xo G

any group
G is realized as a

relative Tz group

Det A space
Xiao is

nconnected if Ti X xo
0

for is n

ca Én acted path
connected

b 1 connected simply
connected



Propostion The following
conditions

are equivalent
a

Every map
si x is

homo topic to a constant map
b Every map

si x

extends to a map Dit
X

C Ti X co o for Ko EX

Thus X is n connected if any
one of a o hold for

isn



Whiteheadtheorem

theorem If a map f X Y

between CW complexes
induces

isomorphisms fx
Tn x Tiny

for
all n then f is a homotopy

equivalence
In case f is

the inclusion of a subcomplex

X Y X is a deformation

retract of Y

Def A map fix
x between

cw complexes satisfying
fix cY

Hn is called a cellularmay



theorem Cellular Approximation

Every map fix
Y of CW

complexes
is homotopic

to a

cellular map
If f is

already cellular on a

sub complex
A CX the homotopy

may
be taken to be stationary

on A

Corollary Tn Sk 0 for

Nak

Prod By CA
Theorem every

base point preserving map



S Sk o cell taken as basept

can be homotoped
relative

to base point to be cellular

Hence it is constant if nak

1 pp2 y É
Tl X E Th Y 22 Since

their universal covers s and

5 5 are homo topically
equivalent

it follows
that

Tn X Tn Y for n 72

But X EY since they have

non isomorphic homology groups


